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First Order Methods (continued):
e Fast Projected Gradient,
e Proximal Gradient Methods (ISTA, FISTA)
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e Bertsekas: Convex Optimization (2010) - Chapter 6.

e Beck, Teboulle: “Fast Iterative Shrinkage-Thresholding Algorithm for
Linear Inverse Problems”, STAM J. Imaging Sciences, 2:183-202,(2009).

o Combettes, Pesquet: “Proximal Splitting Methods in Signal Processing”,
submitted, (2009).

e Tseng: “On Accelerated Proximal Gradient Methods for

Convex-Concave Optimization, submitted, (2008).
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Constrained Optimization:

min f(z)

e f is continuously differentiable and gradient has Lipschitz constant L,

IVf(z) =Vl < L llz -yl

e ('is convex and closed
e efficient if projection P onto C' can be easily computed

Main Ingredient:

Fly) < Fl@)+ (VF )y —a) + 2 ly— 2>

Later: Projected Newton, Projected Subgradient.
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i . k. 1
Quadratic upper bound at current point z”: For ¢ < 7,

1 2
7' = argmin f(z") + <Vf(5’7k)’x B mk> o Hm B mkH
xeC 2t
2
— arg min H:L‘ — (Zlfk — tVf(a:k)) H
xeC

= Pg(azk — tVf(:z:k))

Next iterate:
2F = P (:Bk _ 4k Vf(xk)>’

Stepsize t*:
e constant 0 < tF < %,

e backtracking line search - finds Lipschitz constant (somehow).
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Theorem 1. The iterate f(a:(k)) of the projected gradient method satisfies

o for constant stepsize 0 <t < 1,

1 2
<k>_*<_H (0) _ x|
Fa®) —p* < oo ||e®
e for backtracking line-search,
1 2
(k)y _ ¥ (0) _ .

where tmin = min;—y_ ,t".

e much slower than the convergence rate of the gradient method for

strictly convex functions with bounds on the Hessian,
e much faster than the O(ﬁ) convergence rate of the subgradient method

e Projection does not influence the convergence rate.
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Nesterov’s accelerated projected gradient method Start with
:C(O) - C, set y(o) — :C(O)

L) _ p (<k>_t V£ (3 ))

k
(k+1) _ (k+1) , ™ ( (k+1) _ (k)
Y T + E 13 (:c T )

Remarks:

e related to the “heavy-ball” method of Polyak.

e Other update factors than IZ—:L% are possible,

o y*) is not necessarily feasible.

e As k — oo the step becomes the projected gradient step.

o f(z®)) is not monotonically decreasing.
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Theorem 2. The iterate f(a:(k)) of the fast projected gradient method

satisfies

e for constant stepsize 0 <t < %,

2 2
(k)Y _ % < H (0) _ ||
F@) =9 < e [+
e for backtracking line-search,
2 2
(k)Y _ ¢ < (0) _ .

where tmin = min;—y_ ,t".
Discussion:

e Much faster than the projected gradient method !

Requires O(\/g) iterations instead of O(%) for the projected gradient
method !
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Relative error: log,o(f(x*)/p* — 1)

—Projected Subgradient — Time: 62.87
—Projected Gradient — Time: 67.59
—FISTA - Time: 10.81
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Gradient map:

Gy(x) = %(:c — Po(z — tVf(:c)))

Note that,
Po(z —tVf(z)) =2 —t Gy(x).

and from the optimality condition of the Projection Pg,
(x =tV f(zx) — Po(x —tVf(x)),z — Po(x —tVf(z))) <0,
one obtains

(Gi(x) =V f(x),z—x+1tGx)) <0, Vzel.

Vzed.
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Lemma: We have for ally € C'and 0 <t < %,

f(Po(z —tVf(x)) < f(y) +(Gi(x),z —y) — = |Ge(2) |7 .

FE#H) < f@®) +(Gil@),y® —2®) — 2 G®)
FE) < f@) + (Gole)y® — a7y = 2 Gw®)]|

and thus a convex combination yields,

F*) < (1= 0)f D) +0f (") + (Guy™),y® — (1= 02 —02") - = | Giw ™)
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Denote by 6 = 0k) and t = ¢t(®)

F@*) < (1= 0)f(@®) +0f (@) + (Gely™),y™ = (1 = )2 — 027 -

= (1= 0)/@) +0f(") +0 (Gulw), 0™ —27) - 2 |G|

2

* 02 * t *
= (1= 0f ) + 6767 + 5 ([p® -7 = o - Garw®) -

0
where we defined, v*) := 0] (y*) — (1 — ")) D = (k) ;((_Z)) G (y™),
1 * 1 <2 1—0 " 1 I
FUE ) )+ g o0 o[ < ) = S g o ][
: 2
Using 0 = 75,
1-60®  k(k+2) 1
OFNH2 4 T (Hk=1))27
we get,

2 1 —90

! 0 * 1 0 *
< oz V@) =1 @)+ v — 2

1 * 1 1 *
W(f(x(lﬁL N—f(x ))+W H,U<k+ ) o

2t(0)
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1 | 2 1—0W \ 1 L2
o U@ = f@ gy [0 = < gy P = FE Dy [0 -
Using

2 1
0) — 2 _ 0) — _— (00 _ (1 — p0)y,.(00) — ..(0)
0 21:>v 9(0)(y (1«9):13):13,
we arrive at
4 1 2

fa™HD) — f(z7) <

-

(k + 2)2 2¢(0)

For the backtracking line search one has to replace t(0) with ming—i . g £k,
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How does the update scheme enter the proof ?
The update scheme enters by z*t1) = y(¥) — ¢t G, (y(®)) and %) = 2. using

k42
o) = L) (1 gtz R N AR O
we obtain,
y B+ = (1 — gUH (k1) gt 1) (1)
k41 ey, 21 (g IR
_k+3$ +k+3«9(’“)(y —(1—9 )37 _WGt(y ))
T k+3” +k+3(:€ kt2" )

k
_ (k+1) A (k+1) (k)
o '+k+3@7 v )
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Nesterov’s Optimality Results

First Order Method: We define a first-order method as an iterative
methods with

2D € 2O 4 gpan{V f(z?), Vf(zW),..., Vf(z®)}.

Optimality:
There is no first order method which has a better convergence rate than
O(k%) uniformly over the set of all functions with Lipschitz continuous

gradient.
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Optimization problems in:
e machine learning, data mining,
e signal processing, image processing

are often of the form:

min f (z) + g(z),

where

e f is convex, continuously differentiable and has Lipschitz-continuous

gradient,
IVf(z) =Vl < Lz -yl

e ¢ is convex and is possibly non-differentiable.

Often C = R<,

Assumption: Problem is primal feasible.
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Motivation - Examples

MACHINE LEARNING

Examples:

e [.asso:

min [|Pw — Y|* + [|w];
weR™

or in combination with other loss functions.

e Total Variation Denoising:

min ~Y|*+||D :
i =Y+ D7,

where D is the derivative operator on the grid (or a general graph).

e Matrix Completion:

. 2
min |M —=Y|"+ | M|
MeR? X1 M >0

e and many more !
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Definition 1. Let f : R®™ — R be continuous and convex. For every x € R",

. 1 2
min fy) + 5 llz = ylI”

has a unique solution denoted by proxsx. The operator proxy : R" — R s

called the proxmaity operator.

Properties:

e if f is the indicator function of a closed, convex set C, then prox; is the

projection onto C),
o ||prox;a — prox;y|| < ||z — y|| (non-expansive).
e z* = prox,;x” if and only if 2" is a minimizer of f.

o Let ¢t > 0, then fi(z) :=inf, f(y) + 5 ||z — y||* is continuously
differentiable with %—Lipschitz gradient,

Vfi(x) = %(aﬁ — Prox; ¢ x).
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Proximity Operator

Examples of the proximity operator:

It can be easily computed when g is separable.
o f(z) = |z], prox,s @ = sign(z)(Jz| — 1),
o f(x) =% proxy; = = 15,
o f(x)=|zlP, prox,; x = sign(x)p, where p > 0 and p+tppP~' = |z,
e The Huber-loss:

2

2 : B
fay =4 el = o
2
\ BV 2alz| — %, else.
Then
4 . ) B
1+2a° if |z]| < (1+204)\/T—a7

Prox; s & = <

r — Bv2asign(x), else.

\
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Backward-Forward Splitting:
25D = prox, g (az(k) — t(k)Vf(a:(k))).
Note, that

2
2P+ = argmin t(k)g(y) + % Ha?(k) — t(k)Vf(:c(k)) — yH
Y

:argmint(k)[ H ) — t RV (2 —?JH2‘|‘9(?J)}
Y

—ﬂf+g@)

— argmin f(z®) + <Vf(a:(k)),y — az(k)> 2t("“
Y

= minimize quadratic approximation of f + non-smooth part g.
e becomes projected gradient for g(x) = Io(x).

e becomes iterative shrinkage thresholding algorithm (ISTA) for
f(z) = Az — b|* and g(z) = X ]|,
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Let F(x) = f(z) + g(x).
Theorem 3. The iterate F (:B(k)) of the backward forward splitting satisfies

e for constant stepsize 0 <t < %,

1 2
FzFY — p* < H (0) _ 2|7
(V) —p* < 577 |12 T
e for backtracking line-search,
1 2
F(xR)y _ p*r < (0) _ x

where tmin = min;—q_ ,t".

e [ is the Lipschitz constant of V f

e Proof: replace projection by proximal map.
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FISTA - accelerated proximal gradient method:
2 F D = prox,w , (y(k) — v f (y(k)))

k
(k+1) _ ,.(k+1) v (k1) (k)

Proposed by Beck and Teboulle (2009) - Nesterov in technical report(2007).

e Beck and Teboulle use t*) = % and
—1

B D) (),
Sk+1

1+4/14+4 53

with s = 1 and sp1 = 5

YN
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Let F(x) = f(z) + g(x).
Theorem 4. The iterate F(z\*)) of FISTA satisfies

e for constant stepsize 0 <t < %,

9 2
(e _ < H 0) _
(V) —p S T T T
e for backtracking line-search,
9 2
F(xR)y _ p*f < (0) _ %
(@) =p RECESRET | R

where tmin = min;—y_ ,t".

e Proof: replace projection by proximal map.
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Total Variation Denoising:
e given image Y € R"*"™ — Y € R™™,
e F denotes the edge set of the n X m-grid.
e ) regulates the amount of denoising.

e the total variation regularizer enforces a piecewise constant image -

sharpening of edges.

e the box constraints enforce that I is again an image.

min SN =YIP A Y wy - 1)
(4,J)€EE

'2 XD )
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Total Variation with Constraints I1

Total Variation Denoising:
e general graph-based point of view,
e image f as function on a graph (grid),

e total-variation penalizes function differences on edges

.1 2 -
min §”f—YH + A Z wij| fi — f5

fel !
1 n
] 2
— 1N max — —Y _|_)\§ wiil f: — £ ).
1 n
: 2
= max min = |f =Y ||© + 2A E Wi fi.
aERE’”a”oogl’aij:_aji feC 2Hf H 1,7=1 ZJ Z]fz

Inner problem has solution: f = Po(Y — A A«), where
(Aa); ;=23 " L w;iau.. N
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Transformed Problem:

max U(a),
o] oo <105 =—0vj;

where
U(a) = % 1Y = Po(Y — Aa)|? + A (A, Po(Y — A Aa))
1 2 A 2
= Y = Ma — Po(Y = Ma)|* + A (Aa, Pe(Y — A Aa)) — = || Aa]

+ A{Aa,Y — Pc(Y — A Aa))

)\2

1
= Y = Ma — Po(Y = Ma)|” + X (4a,Y) — T~ || Aal?

From the properties of the proximity operator:

1
V§ |z — Pc(a:)H2 =x — Po(x).

—  VU¥(a)=-NATP-(Y — M\a)
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Lipschitz constant of VV:

[@(a) = ¥(B)] = X [|[AT Po(Y — Ma) — AT Po(Y — AAB)|
< A|| AT |1Pc(Y — Ma) — Po(Y — MAB)|
<A AT 1Y — AMa) — (Y — AAB)|
= N [|A]* [l = 8]

using the non-expansive property of projections and ||A| = HATH Finally,

n
|A|? < 4m7gXZw?j.
j=1
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Total Variation - Original
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Total Variation - All
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